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7KLV�VROXWLRQV� OHDIOHW� IRU� WKH�-0&� LV�VHQW� LQ� WKH�KRSH� WKDW� LW�PLJKW
SURYLGH�DOO� FRQFHUQHG�ZLWK�VRPH�DOWHUQDWLYH�VROXWLRQV� WR� WKH�RQHV
WKH\� KDYH� REWDLQHG�� � ,W� LV� QRW� LQWHQGHG� WR� EH� GHILQLWLYH�� � 7KH
RUJDQLVHUV�ZRXOG� EH� YHU\� SOHDVHG� WR� UHFHLYH� DOWHUQDWLYHV� FUHDWHG
E\�FDQGLGDWHV�

7KH�8.07�LV�D�UHJLVWHUHG�FKDULW\



�� % 2I�WKH�OHWWHUV�LQ�TXHVWLRQ��RQO\�6 GRHV�QRW�KDYH�DW�OHDVW�RQH�OLQH�RI�V\PPHWU\�

�� ( ���$V�QRQH�RI�WKH�RWKHU�RSWLRQV�GLIIHUV�IURP�����E\�D�PXOWLSOH�RI
�������LV�WKH�RQO\�RQH�RI�WKHVH�QXPEHUV�ZKLFK�LV�H[DFWO\�GLYLVLEOH�E\���
��� ÷ � = ��

�� $ 7KH�UHTXLUHG�FRQGLWLRQ�ZLOO�QH[W�EH�PHW�LQ������

�� ' (YHU\�DOORZDEOH�URXWH�PXVW�SDVV�WKURXJK�WKH�FHQWUH�SRLQW�RI�WKH�ERZ�WLH���7KHUH
DUH�WZR�URXWHV�IURP� �WR�WKH�FHQWUH�SRLQW��DQG�IRU�HDFK�RI�WKHVH�WKHUH�DUH�WZR
URXWHV�IURP�WKH�FHQWUH�SRLQW�WR� ���6R�WKH�WRWDO�QXPEHU�RI�GLIIHUHQW�URXWHV
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�� & (LJKWHHQ�KDV���OHWWHUV�DQG����LV�QRW�D�PXOWLSOH�RI�����2I�WKH�RWKHU�RSWLRQV����LV�D
PXOWLSOH�RI�������LV�D�PXOWLSOH�RI�������LV�D�PXOWLSOH�RI���DQG����LV�D�PXOWLSOH�RI���

�� ( 7KH�GLIIHUHQFHV�EHWZHHQ�WKH�JLYHQ�IUDFWLRQV�DQG���DUH��UHVSHFWLYHO\�
�� �� �� �DQG� ���7KH�VPDOOHVW�RI�WKHVH�LV� ��VR� �LV�QHDUHVW�WR���
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�� & 7KHUH�DUH���GHPLVHPLTXDYHUV�LQ�D�FURWFKHW�DQG���FURWFKHWV�LQ�D�VHPLEUHYH��VR
WKHUH�DUH����GHPLVHPLTXDYHUV�LQ�D�VHPLEUHYH�

�� ( 7KH�RULJLQDO�S\UDPLG�KDG���HGJHV���&XWWLQJ�RII�WKH�WRS�FRUQHU�DGGV���HGJHV�
ZKLOVW�FXWWLQJ�RII�WKH�RWKHU���FRUQHUV�DGGV���H[WUD�HGJHV�LQ�HDFK�FDVH��6R�WKH�WRWDO
QXPEHU�RI�HGJHV�LV� �� + � + � × � = ��

�� & 3D�%HDQ�GRHV�QRW�HDW�PRUH�WKDQ�KDOI�WKH�EHDQV��VR�KH�HDWV�DW�PRVW����EHDQV���0D
%HDQ�HDWV�WKH�VDPH�QXPEHU�RI�EHDQV�DV�ERWK�FKLOGUHQ�WRJHWKHU��VR�VKH�HDWV�DQ
HYHQ�QXPEHU�RI�EHDQV�ZKLFK�LV�DW�OHDVW�RQH�TXDUWHU�RI�WKH�WRWDO�QXPEHU�RI�EHDQV
HDWHQ���7KHUHIRUH�VKH�HDWV�DW�OHDVW���EHDQV���,I�VKH�GRHV�HDW���EHDQV��WKHQ�3D�%HDQ
HDWV����EHDQV��ZKLFK�LV�FRQVLVWHQW�ZLWK�WKH�LQIRUPDWLRQ�JLYHQ���+RZHYHU��LI�0D
%HDQ�HDWV���RU�PRUH�EHDQV��WKHQ�3D�%HDQ�HDWV�DW�PRVW���EHDQV�DQG�WKLV�LV
LPSRVVLEOH�DV�ZH�DUH�WROG�WKDW�3D�%HDQ�HDWV�PRUH�EHDQV�WKDQ�0D�%HDQ���6R�3D
%HDQ�HDWV����EHDQV�

��� % 7KH�FRLQV�FRQVLVWLQJ�RI�RQH�RI�HDFK�W\SH�PXVW�DGG�XS�WR���������7KH�RQO\�ZD\
WKDW�WKLV�WRWDO�PD\�EH�PDGH�ZLWK�FRLQV�RI�GLIIHUHQW�GHQRPLQDWLRQV�LV�E\�XVLQJ�D
���FRLQ��D���S�FRLQ�DQG�D��S�FRLQ�

��� ' 7KH�GLDJUDP�VKRZV�WKH�SRVLWLRQV�RI�WKH�SRLQWV�DIWHU�WKH�URWDWLRQV��1RWH�WKDW� �
ZKLFK�LV�QRW�PDUNHG��LV�WKH�VDPH�SRLQW�DV� ��6LPLODUO\�� ��ZKLFK�LV�QRW�PDUNHG�
LV�WKH�VDPH�SRLQW�DV� �
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��� % 2Q�7XHVGD\�WKH�:KLWH�5DEELW�ZLOO�EH���PLQXWHV�ODWH��RQ�:HGQHVGD\���PLQXWHV
ODWH��RQ�7KXUVGD\���PLQXWHV�ODWH�DQG�RQ�)ULGD\���PLQXWH�ODWH��6R�RQ�WKH
IROORZLQJ�0RQGD\�WKH�:KLWH�5DEELW�ZLOO�EH����VHFRQGV�ODWH�DQG�RQ�WKH�GD\�DIWHU
WKDW�KH�ZLOO�EH����VHFRQGV�ODWH�

��� $ $V� �� �∠QPR = ��° ∠PQR + ∠PRQ = ���° − ��° = ���°
6R� ���7KHUHIRUH� �∠SQR + ∠SRQ = ���° ÷ � = ��° ∠QSR = ���° − ��° = ���°

��� & 7KH���LQGLYLGXDOV�ZLOO�HDFK�ZUHVWOH���RWKHUV���7KLV�VXJJHVWV�WKDW�WKH�QXPEHU�RI
ERXWV�LV� ���+RZHYHU��HDFK�ERXW�KDV�EHHQ�FRXQWHG�WZLFH�LQ�WKLV
FDOFXODWLRQ��VR�WKH�QXPEHU�RI�ERXWV�LV� �

� × � = ��
�� ÷ � = ��

��� ' $IWHU�7KXUVGD\��WZR�WKLUGV�RI�*UDQQ\
V�SHQVLRQ�LV�OHIW���6R�DIWHU�VKH�KDV�VSHQW
RQH�TXDUWHU�RI�WKLV�DPRXQW�RQ�)ULGD\��WKH�IUDFWLRQ�RI�WKH�RULJLQDO�DPRXQW�ZKLFK
UHPDLQV�LV�WKUHH�TXDUWHUV�RI�WZR�WKLUGV��L�H��RQH�KDOI�

��� & 7KH�WRWDO�DQJOH�WXUQHG�WKURXJK�DIWHU�HDFK�RI�WKH�ILUVW���PRYHV�LV���������������DQG
�������6R�WKH�URERW�GRHV�QRW�IDFH�GXH�(DVW�DW�WKH�HQG�RI�D�PRYH�LQ�LWV�ILUVW
FRPSOHWH�UHYROXWLRQ���7KH�WRWDO�DQJOH�LW�KDV�WXUQHG�WKURXJK�DIWHU�HDFK�RI�WKH�QH[W
��PRYHV�LV������������������������DQG�������VR�DW�WKH�HQG�RI�WKH��WK�PRYH�WKH
URERW does�IDFH�GXH�(DVW���$V�WKH�URERW�PRYHV��P�LQ�HDFK�PRYH��WKH�GLVWDQFH�LW
WUDYHOV�LV���P�
Note that this solution assumes that the robot is not starting the process close to
the North Pole!

��� ' 6WDWHPHQWV�VXFK�DV�WKRVH�LQ�WKLV�TXHVWLRQ�PD\�VRPHWLPHV�EH�VKRZQ�WR�EH�IDOVH�E\
FRQVLGHULQJ�WKH�XQLWV�GLJLW�RI�WKH�H[SUHVVLRQV�RQ�HDFK�VLGH���7KH�XQLWV�GLJLW�RI

�LV����WKH�XQLWV�GLJLW�RI� �DQG�KHQFH�DOVR�RI� �LV����WKH
XQLWV�GLJLW�RI� �LV���DQG�WKDW�RI� �LV�����6R�IRXU�RI�WKH�VWDWHPHQWV
DUH�GHILQLWHO\�IDOVH���,W�UHPDLQV�WR�FKHFN�WKDW� �
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��� + ��� = ���� + ���� = ����

��� % (DFK�RI�WKH������VTXDUHV��DSDUW�IURP�WKRVH�DW�WKH�WRS�DQG�ERWWRP�RI�WKH�VKDSH�
FRQWULEXWHV���FP�WR�WKH�SHULPHWHU�RI�WKH�ILJXUH��
7KH�RWKHU�WZR�VTXDUHV�FRQWULEXWH���FP�HDFK��VR�WKH�SHULPHWHU�LV

�(���� × � + � × �) FP = ���� FP

��� % )URP�WKH�WKUHH�HTXDWLRQV�ZH�VHH�WKDW� �DQG�VR�
VLQFH� �LV�SRVLWLYH�� ���7KHQ�WKH�WKLUG�HTXDWLRQ�WHOOV�XV�WKDW� ��WKH
VHFRQG�WKDW� �DQG�WKH�ILUVW�WKDW� ���7KHUHIRUH� �

(abc)� = � × �� × � = ���
abc abc = �� a = �

�
b = � c = � a + b + c = ����

��� $ $V� �LV�D�UHJXODU�SHQWDJRQ��HDFK�RI�LWV�LQWHUQDO�DQJOHV�LV� ���7KH�LQWHUQDO
DQJOHV�RI�WKH�TXDGULODWHUDO� �DGG�XS�WR� �DQG�VR�E\�V\PPHWU\

���(DFK�LQWHULRU�DQJOH�RI�D�UHJXODU
KH[DJRQ�LV�������VR� ���

PQRST ���°
PRST ���°

∠PRS = ∠RPT = �
� (���° − � × ���°) = ��°

∠PRU = ���°
7KHUHIRUH� �∠SRU = ∠PRU − ∠PRS = ���° − ��° = ��°



��� ( ,Q�WRWDO��WKH�ILYH�SLHFHV�KDYH�IRXU�³KROHV´�DQG�VL[
³WDEV´��VR�ZH�FDQ�GHGXFH�WKDW�HLWKHU�%�RU�(��ERWK�RI
ZKLFK�KDYH�WZR�³WDEV´��ZLOO�QRW�EH�XVHG��
6KDSH�$��WKHUHIRUH��LV�XVHG�DQG��DIWHU�D�FORFNZLVH
URWDWLRQ�RI������ZLOO�ILW�WRJHWKHU�ZLWK�VKDSH�%��7KLV
VXJJHVWV�WKDW�LW�LV�VKDSH�(�ZKLFK�LV�QRW�XVHG�DQG�VKDSHV
&�DQG�'�ZLOO�LQGHHG�FRPSOHWH�WKH�MLJVDZ�DIWHU
URWDWLRQV�RI������DQG������DQWLFORFNZLVH�UHVSHFWLYHO\�
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��� ' ,Q�WKH�IRXU�RSWLRQV�RWKHU�WKDQ�'��WKH�GLJLWV�PD\�EH�UHDUUDQJHG�DV�IROORZV�
$ �� × � = �� % �� × � = �� & �� × � = �� ( ��� × � = ��

��� ( &RQVLGHU�WKH�WKRXVDQGV�FROXPQ���7KH�OHWWHUV�UHSUHVHQW�GLIIHUHQW�GLJLWV�VR��DV� �LV
��� �LV���DQG�WKHUH�LV�D�FDUU\�RI���IURP�WKH�KXQGUHGV�FROXPQ���7KHUHIRUH� �LV���
�LV���DQG�WKHUH�LV�DOVR�D�FDUU\�RI���IURP�WKH�WHQV�FROXPQ���,Q�WKH�XQLWV�FROXPQ�

�SURGXFHV�D�XQLWV�GLJLW�RI����VR� �RU� ���+RZHYHU�
�UHTXLUHV�RQH�RI� �� �WR�HTXDO�]HUR��LPSRVVLEOH�DV� ��RU��

�DOVR�LPSRVVLEOH�DV� ����6R� ���:H�FDQ�DOVR�GHGXFH�WKDW� �LV���
VLQFH��LQ�WKH�WHQV�FROXPQ�� ����7KH�SDLUV�RI�GLJLWV�ZKLFK�SURGXFH
D�VXP�RI����DUH���DQG������DQG������DQG�����$V� �LV���DQG� �LV����WKH�RQO\�SRVVLEOH
YDOXHV�IRU� DQG� �DUH���DQG�����7KHVH�DUH�LQWHUFKDQJHDEOH��EXW�LQ�ERWK�FDVHV
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��� $ /HW�WKH�OHQJWK�DQG�EUHDGWK�RI�HDFK�RI�WKH�UHFWDQJOHV�EH� �FP�DQG� �FP
UHVSHFWLYHO\���7KHQ� �DQG� ���6R� ���

a b
�a = �b a + b = �� �a + �b = ��

7KHUHIRUH� ��WKDW�LV� ��b + �b = �� b = �
6R�WKH�WRWDO�DUHD�FRYHUHG�E\�WKH�ILYH�UHFWDQJOHV�LV�WKDW�RI�D�UHFWDQJOH�PHDVXULQJ
���FP�E\����FP��L�H������ �FP�

��� ' /HW�WKH�ILUVW�WZR�WHUPV�RI�WKH�VHTXHQFH�EH� DQG� �UHVSHFWLYHO\���7KHQ�WKH�QH[W
WKUHH�WHUPV�DUH� �� �� .��6R� ���)RU� �WR�EH�DV
ODUJH�DV�SRVVLEOH��ZH�QHHG� �WR�EH�DV�VPDOO�DV�SRVVLEOH��FRQVLVWHQW�ZLWK�WKHLU�ERWK
EHLQJ�SRVLWLYH�LQWHJHUV���,I� �WKHQ� ��EXW� �LV�DQ�LQWHJHU��VR
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a b
a + b a + �b �a + �b �a + �b = ���� a

b
b = � �a = ���� a

b ≠ �
+RZHYHU��LI� �WKHQ� ��VR�WKH�PD[LPXP�SRVVLEOH�YDOXH�RI� �LV�����b = � �a = ���� a


